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In this work, we have studied the process of energy transfer from a fluorophore to the electronic
energy levels of a single-walled carbon nanotube. Recently, carbon nanotubes have attracted
considerable attention due to a number of potential technological applications, such as
optoelectronic devices, sensors, etc. Functionalization of nanotubes with fluorophores has led to
interesting photophysical properties. Excitation energy transfer is an important photophysical
process that experimentally shown to occur when dyes are functionalized on nanotubes.
Motivated by these experiments, we have studied theoretically the process of resonance energy
transfer from a fluorophore to a single-walled carbon nanotube. We used the dipole
approximation for the dye, not the nanotube, when transferring energy from the dye to the
nanotube. Resonance energy transfer is the process of non-radiative energy transfer from an
excited donor to an acceptor. When the transfer involves electronic excitation energy and the
donor is fluorescent, this is known as fluorescence resonance energy transfer (FRET). In FRET,
the interaction between the donor and acceptor is Coulomb. The electron transition dipoles of
the donor and acceptor interact electrostatically, resulting in a dependence of the transfer rate
on the distance between the donor and acceptor. Forster investigated this process theoretically.
In Forster's approach, this is approximated as the interaction between the corresponding
transition dipoles. Metallic carbon nanotubes have an exponential dependence on distance when
hQ < &g and d otherwise. There is no threshold on the amount of energy that can be transferred
to metallic nanotubes. In contrast, for semiconductor nanotubes, energy transfer does not occur
if 7Q > eq — ep. If 1Q > &p, then the rate has a dependence d™ in the long-range limit. But if
gg > hQ > &g — e, then the rate has an exponential dependence on distance. We also incorporate
the possibility of energy transfer to excitons of semiconductor tubes into our analysis. Our
calculations show that the energy transfer rate from pyrene to nanotube 5.5 is effective up to
distances of the order of 16.5 nm.

Key words: graphene, surface plasmons, plasmonic, carbon, energy transfer, Forster theory,
exciton, FRET, nanotube.

INTRODUCTION

Semiconducting carbon nanotubes (CNTs) are one of the candidates for the next
generation of semiconductor electronics [1], optoelectronics neighbor infrared range [2] and
absorbers light or transparent conductors for solar elements [3]. In particular, with the use of
semiconductors BHT from controlled forbidden zone, are being prepared now mesoscale
networks with tight intertwined bundles (films) [4, 5]. These structures (films) can be used in
photovoltaic installations and photodetectors, in which Semiconductor tubes are photoabsorbers,
similar to electron-donating polymers in polymer solar elements [6]. Like polymers, CNTs have
big optical absorption, which can be regulate, and them can process solution, but nanotubes
demonstrate superfast charge and energy transfer to large distances and more stable in air [3].
Although photophysics individual nanotubes is a common topic of research [7, 8], the properties
of these new mesoscale structures (films) mostly unknown. In addition, the possibility to control
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the composition of the prohibited substance zones films does their model system for studying
various kinds of charge and energy transfer processes. The task of studying the features of
energy transfer in such structures is interesting and relevant. The energy transfer from a dye
molecule to a carbon nanotube can be considered as the process of nonradiative energy transfer
from an excited donor this an acceptor. It is known as Forster resonance energy transfer (FRET)
[9]. In FRET, the interaction between the donor and the acceptor are Coulombic. The electronic
transition dipoles of the donor and the acceptor interact electrostatically leading to an

R® dependence of the rate of transfer on the distance y(R)between the donor and the acceptor.

Forster studied this process theoretically and obtained the analytical expression for the distance
dependence of the rate of energy transfer [9]. The rate of FRET from a dipole to the bulk
electronic excitation modes of a metal has a d > dependence (d is the distance from the dipole to
the metal) [10, 11]. Recently, we have shown that the process of energy transfer from a
fluorophore to graphene has a d ™ dependence and is very efficient [12, 13]. Experiments have
shown that graphene can quench the fluorescence of the fluorophores and the process can be
used to visualize graphene on surfaces [14] and graphene flakes in solution [15] and to suppress
fluorescence in resonance Raman Spectroscopy [16]. In this work, we studied the features of the
process of Forster resonance energy transfer from excited dye molecules (fluorophores) to
semiconducting single-walled carbon nanotubes, in particular, the dependence of the energy
transfer rate on the distance between the dye molecule and the carbon nanotube itself.

ENERGY TRANSFER RATE MODEL

Let us consider the process of resonant energy transfer from a dye molecule (fluorophore)
to a single-walled carbon nanotube of radius Ro and length L (see Fig. 1). In this case, we will
consider the single-walled carbon nanotube as a rolled-up sheet of graphene [17, 18].

G

Fig. 1. Schematic representation of a single-walled carbon nanotube, which is formed
by folding a graphene sheet. On the right, the transition dipole of the dye molecule
(fluorophore) is shown, along with the angles it makes with the coordinate axes
(d — distance from the nanotube to the dye molecule)

Next, manually enter the three-dimensional position vector for atoms on the nanotube,
which we denote as R, , where u denotes the unit cells of the nanotube and takes values from 1
to U (U is the total number of unit cells in the tube), h denotes the unit cells of graphene inside

the unit cell of the nanotube and varies from 1 to N (N is the number of hexagons per unit cell of
the nanotube).

To describe the structure of nanotubes, the vector C is used, which connects two
equivalent points on the graphene sheet (Fig. 2a). This vector is expressed by the formula:
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C =na, +ma, where & and &,, the basis vectors of the unit cell of the graphene sheet, n and m,
are the so-called hyral indices (integers, n > m). Vector & and &, are the basis vectors of the
graphene sheet's unit cell. [19].

Fig. 2. Graphene plane (a) and basis vectors of the unit cell of a graphene sheet (b)

The indices n and m are related to the nanotube radius and the chiral angle 6 by the
following relations [20]:

3m

a > > .
R, 27Z\/3(n +nm+m?), siné 2\/n2 —
where |d] =4, =|a,| =0.246 nm.
The nanotube is obtained by folding a graphene sheet and the two-dimensional position
vector of the atom that occupies the position R, during folding will be denoted as X, (Fig. 1).
The wave functions of the electron system of a nanotube can be written as

(1) =75 7 225 () o(r R ) s (K)eo(r-Re ) | )

where the sign (-) denotes the valence band of graphene and the sign (+) denotes the conduction
band of graphene, ¢ are the 2p, atomic orbital wavefunctions of the carbon atoms in the

nanotube and are assumed to be perpendicular to the local surface of the nanotube . This is the
simplest wavefunction that can be written and is good enough to analyze the dependence of the
energy transfer rate on the distance from the dye molecule to the nanotube. d, k denotes the

wave vector of an electron in graphene and is given as IszXT+kyT, C,f(k):llx/ii

C, (k) :(J_rl/\/i)e*mk', where 6, is determined by the following expression [12]

5 - el®) @
e ()
where
H (IZ) =t [e”‘xa’ B 4 grkal2V8 cos(k,a/ 2)} (3)

In the above, t is the jump integral and a= |c7c\/§

Our procedure for calculating the energy transfer rate, as in [12, 13], is to work with the
transition density. The matrix element for the transfer is simply the electrostatic interaction
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between the transition density of the involved orbitals on the donor and on the acceptor. For a
donor-acceptor pair separated by a distance much larger than their sizes, this can be
approximated as the interaction between two transition dipoles, leading to a dependence of the
energy transfer rate on the distance R™°. This approximation breaks down at smaller distances
and in such cases, discretized approaches to the matrix element estimation were developed in
[21]. For energy transfer to a nanotube of large length, the dipole approximation will obviously
not be applicable. If the size of the donor is small compared to the distance d to the nanotube,
then the dipole approximation can still be used for the donor, but the transition density of the
nanotube must be considered more carefully. Here we use an approach developed in [12, 13] that
avoids the dipolar approximation for the transition density of the nanotube. This allows us to
obtain analytical results for the behavior of the energy transfer rate at a large distance from the
nanotube. The details of this approach are given below.

When the energy donor (fluorophore or dye molecule) is excited, an electron from an
occupied orbital is excited and moves to an unoccupied orbital. Associated with this process is
the transition dipole of the fluorophore g, interacts with the electrons of the nanotube. As a

result of the energy transfer, the fluorophore (donor) returns back to its place and the electron of
the nanotube , which was in the state described by the wave function y_ (F), passes into the
state described by the wave function Vi (F). Electronic excitation leads to the appearance of a

transient charge in p(F)the nanotube , the density of which is given by the following expression

) o U c;(k+q) (k) g (PR )o(F =Rl )+
fl=—ew." (N () =~ ——— . (4
p(7)=—ew (M (7) =~ 1; e (K + ) (R )e g (1~ )1 =R (4)

We have neglected the products belonging to other atoms of the nanotube , since their
contribution to the density is insignificant. The electrostatic potential at point r, due to such a
charge density, is

o(r)=;1 for, 28] ©

where ¢ is the dielectric constant of the medium between the donor and acceptor. The density
9" (F,—Ri Jo(T, —Ric )is localized in the vicinity of the C-th atom nanotubes. Size|r -,
changes very little in the region in which ¢” (T, — Ry )¢ (T, — Ry ) and the value @(F)can be
approximated by the following expression
& ki, G o i
O(F)= (& >Z .
4zsUN {5 |F - Ry

(6)

Here we used the relation Idrz(p r - Rhc)(p(F Ric ) =1. In the above equation

(k-’q) (q) (K +d) ey (K )os” (ki +d) = 1[1 g% k'q)}_ )

For small values of the transmitted momentum ¢, we can replace the sum in equation (6)
by an integral and obtain
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(8)

~ e)((Enq) dx g ¥
__47ngNAJI r-R|

Here A, is the area of the graphene unit cell.

The integral in the given case (8) dX is two-dimensional as is the entire area of the

ribbon, which makes up the nanotube; R is the point on which is projected X, during the
folding of the nanoribbon . UN is the total number of hexagons. Therefore, UNAy =A, where A
is the total surface area of the carbon nanotube. We will use the Dirac cone approximation for
the energy levels of graphene [12]. Furthermore, from now on we will denote by k the wave
vector measured from the point K. So in this case [12]

-1 ky
o, =tan (k_xJ 9)

The wave vector of an electron in a nanotube can be decomposed into a component
parallel to the tube axis and a component perpendicular to the tube axis. The circumferential
component is quantized due to the periodic boundary condition. Therefore, k and q can be written
as

—

ki =k & +k €, (10)

=06 +0.6, (12)

Here where € and € are unit vectors along the pipe axis and perpendicular to the pipe

axis, respectively. k,, =1/R,(p;+(m-n)/3),q =I/R;[24]. p, and | which can take the

values 0, 1, 2.., are quantum numbers associated with the boundary condition of
perpendicularity to the tube axes. p, = p,+| quantum number corresponding to the electron

energy level in the conduction band of the nanotube, to which the excitation energy falls.
Therefore, from now on we will denote the excitations of the nanotube, which arise as a result of

energy transfer as p, = p;, as depicted in Fig. 3.

Fig. 3. Band structure of a 5.5 carbon nanotube. Note that the nanotube is metallic and that the
electron-hole bands are symmetric about zero energy
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We also represent that k, =k, +G =Kk, 6 +k, 6 . Now X we can express in terms of its
components as X :Zé”+R0¢éL where we wrote the component in the direction € , R,
¢e(0.27). Including the above definitions in equation (8), we obtain

eROZ(k,,q) g -

dreA J.d¢'|.dZ ‘r—R‘ (12)

Now we will use the following multipole expansion for 1/‘F—F?‘ in cylindrical
coordinates [23]:

- ‘ s e ‘”’j'dke"”z (K| Ry ) Ky (K| d)- (13)
”m =—00
HereF =d cosgi +dsingj + K, R= R, cos¢f+ Rosin¢J;+ZIZ,
Substituting the above expression of the multipole expansion into equation (12) and
evaluating the integrals, we obtain

(r)= ‘weq‘”""u (Ja/Ro ) Ky (Ja ) (14)

Let us note that I denotes the angular momentum of the excitation produced in the
nanotube. The matrix element for energy transfer between the donor and acceptor can be is

estimated using the following relation U =z, V® [5] and can be written as follows:

U('Zi’q)“weiqznw'l(‘q‘RO)[ M (d “fp*qn”zj I(‘q‘RO)}’(w)

gA od

where we used the following expression to decompose f,, into components as

s =ypf)+y¢é+yzf (see Fig. 1 for orientation of r) , &and f). Using Fermi's golden rule, the

rate of energy transfer from the fluorophore (dye molecule) to a specific excitation of the
nanotube is p i —p ¢ (see Fig. 2 and 3) is given by the following expression:

(hQ) = qulﬂfdk,”‘u K. d ‘5(E* ~E; -1Q), (16)

ypi"pf

where 7.2 is the emission energy of the fluorophore (dye molecule). We use the linearization
approximation for the energy levels of graphene in the following form E; =+av k, where v, is

the Fermi velocity of electrons in graphene. We now substitute equation (16) into the expression
for the energy transfer rate (16) and using equations. (8) and (10) we obtain [12]:

. oK, (Jon[Rs ) _
Voo, (12)= Ws—zhj q||\\(‘q||‘R> | od F(d), (@18)

| (d Hy+ %j Ky (Jald)

2

where F(q) is an even function of q.
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Therefore, expression (19) simplifies to

2 s}
Vo0, (hQ)=167;%_J- dgy (‘q”‘RO) F(d)-(20)

|2 2
+[q”2 +%J K‘ﬁ(‘q”‘d)

Now let us investigate the explicit orientational dependence of the energy transfer rate.
Let us assume that the transition dipole f,, in the dye, for example, forms angles a and B with

respect to the directions ,5 and , érespectively (Fig. 1). Therefore, we have
U, =y COSa,  pt, =y Sinasin B, u, =, Sina cos g,

where we defined u,, =i,

L

ad
oon, (12 —167;;“:;Vf J dai(alr.) i’ s F(9)- @
+sin’ « |2COSZ,B K‘ﬁ(‘qm‘d)
d2

Now, averaging over all possible orientations of the transition dipole of the dye, we
obtain:

W oK, (|ad)) (%
Vb, (hQ):e#J‘danu(‘qn‘RO) [%J Rk \'\(‘qll‘d) q) (22)

48r’slhv, ¢ .
d 2

First, let us consider the case where the wave vectors k.and k,have components only
along the axial direction of the nanotube , which means that k;, =0and k; , =0. Therefore,

1=0,q, =0 and F(q) depends only on g,. Using (11) and (12) and we obtain for F(q) next
expression

F(a)= T dk; [1—ki' (K +q)]5(‘k.,‘ tlky + qn“%}' (23)

‘ki.qui.n +q,|‘

—0
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The above integral can be calculated exactly and the following relation can be obtained
for F(d)

Q
F(q)zz‘qll‘§£‘qll‘_rj' (24)
f
Using the above expression for F (q) together with | = 0 from equation (22) we obtain:
e’ g OO° OR Qd Qd
Vospy = 0329 7o S K — [F Ko — ] |- (25)
127°¢; (hvf ) Vi Vi Vi

In the approximation large distance limit (Qd /v, )>>1 we use the following asymptotic

: 7TV Qd .
form of the Bessel function K, (Qd /v, ) = exp v [29] from (25) we can obtain the

2Qd .
following simplified expression for the energy transfer rate:
_20d
ooy =Tty o[ OR, e (26)
=P 0 '
e lZgéﬂz(hvf )3 Vi d

v
If we introduce a quantity R, :af, which has the dimension of length (meter) and is

related to the Fermi velocity of electrons in graphene and depends on the energy %#Q transferred
from the dye (donor) to the carbon nanotube , then (26) can be written as follows:

2d

e2h§22 2 "Ry
_ Heg g |02 (&J ¢ . (27)
12e072% (v, )\ Re )| d

}/Di%pf

For the function 17 (x) the following asymptotic approximation can be used

M1
Imq(x):EEj W (28)

We have [m,|=0 and from (28) it is not difficult to obtain

g (2_] [( " J r<01+1>]2 {rwlﬂj - {ﬁ} - )

And now (27) can be written as follows:

2 2
, L Sy e | ehOu, e (30)
N 2eia (v, )| A | 126222 (v, )R, | 9

Rf
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Therefore, the rate of energy transfer from the fluorophore (dye molecule) to the
nanotube has (I =0,k , = O) an exponential dependence on the distance between them.

— v
For the estimation we choose 742 =32 eV, uf =45D, v, =1.1.10°m/s, R, :é. For
H Vf -10
purine R, =5:2.26-1O m=0.226 nm.
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Fig. 4. Calculated from equation 30

We take 7Q2=3.2 eV, the emission maximum of pyrene [24] and use ,, = 4.5 Debye,

obtained by performing ab initio calculations for pyrene B3LYP/6-311++G level of calculation
[12].

Therefore, the rate of energy transfer from the fluorophore to the nanotube at
(I =0,k , = O) has an exponential dependence on the distance between them.

Now let us apply the formulas (27)—(30) we obtained to analyze the energy transfer from
the purine molecule to the 5.5 carbon nanotube. Note that the nanotube is metallic and that the
electron-hole bands are symmetric about zero energy. Fig. 2 shows the band structure of the 5.5
metallic carbon nanotube. Note that its electron-hole bands are symmetric about zero energy.

As an example, consider the case of energy transfer from a fluorophore to a 5.5 metal
nanotube . The band structure of a 5.5 nanotube within the linear dispersion relation is shown in
Fig. 2. The long-distance behavior of the energy transfer rate corresponding to this excitation has
an exponential dependence on distance, see (27). For a metal chiral nanotube, energy transfer is
possible even for very low fluorophore emission energies (see Fig. 2). Note that for other metal
nanotubes, p=0 may not correspond to the linear band near the Fermi energy shown in Fig. 3.
However, by appropriately redefining p, one can obtain p=0 for linear bands near the Fermi
energy for such nanotubes.

CONCLUSIONS

We have studied the process of resonant energy transfer from a fluorophore to a single-
walled carbon nanotube by developing a simple analytical model for the transfer rate as a
function of the distance between the fluorophore and the nanotube. Metallic carbon nanotubes

have an exponential dependence on distance when 7.2 <¢, and d° otherwise. There is no
threshold on the amount of energy that can be transferred to metallic nanotubes . In contrast, for
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semiconductor nanotubes, energy transfer does not occur if 72>¢ —¢,. If h2>¢ , then the

rate has a dependence d~°in the long-range limit. But if &, > € > e, —¢,, then the rate has an

exponential dependence on distance. We also incorporate the possibility of energy transfer to
excitons of semiconductor tubes into our analysis. Our calculations show that the energy transfer
rate from pyrene to nanotube 5.5 is effective up to distances of the order of 16.5 nm.
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INEPEHECEHHSI PE3OHAHCHOI EHEPT'TI BI/T BAPBHUKA
A0 BYT'VJIEHEBOI HAHOTPYBKH

O. 10. Cemuyk, A. A. biawk, O. O. I'aBpuiiiok

Ynemumym ximii nosepxui im. O. O. Yyiika Hayionanvroi akademii nayx Yxpainu,
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YV yiti pobomi mu oocniodcysanu npoyec nepeoadi euepeii 6i0 guyopogopa 0o enexmpoHHux
eHepeemMUYHUX pieHi6 O0O0HOCMIHHOI 8yeneyesoi Hanompyoku. OcmaHHIM uacom eyeneyesi
HAHOMPYOKU  NPUGEPHYAU 3HAYHY Y8aey 3a80sKU  HU3YL NOMEHYIUHUX MEXHOLOSTUHUX
3acmocysamb, MAaKux sIK ONMOeNeKMpOHHI npucmpoi, cencopu mowjo. Pyukyionanizayis
Hanompyook @ayopogopamu npussena 00 yikasux omo@izuunux eracmusocmeil. llepedaua
eHepeii 30V0JICeHHs € BadNCIUBUM (HOMOPIZUYHUM NPOYECOM, SKUL, 5K eKCNePUMEHMAIbHO
NOKA3aHo, 8i00Y8aemMbCs, Kol OAPSHUKU QYHKYIOHANIZYIOMbCA Ha HaHompyokax. Hamxuenwui
YUMU eKCNepUMEHMAMU, MU MeOPemuyHO GUSHUIU NPOYec Pe30HAHCHOI nepedaui eHepeii 8i0
@rnyopogopa 0o oonocminHoi 8yeneyesoi nanompyoxku. Mu euxkopucmosysanu OunonvHe
HabnudxcenHss 0 b6apsHuka, a He OJisi HAHOMPYOKU, Ni0 Yac nepedadi enepeii 8i0 6Ap8HUKA 00
Hanompyoxu. Pe3onancna nepeoaua enepaii — ye npoyec HeGUNPOMIHIOBANILHOI nepedaui eHepaii
8i0 30y0dceno2o Oonopa 0o akyenmopa. Konu nepedaua exnouae eunepeito eneKmpomHo20
30y00icenHss, a OOHOp € (uyopecyeHmHuUM, ye 6I0OMO 5K pPEe3OHAHCHA nepedaua eHepeii
@nyopecyenyii (FRET). ¥V FRET 63aemo0in mix OOHOpOM mMa AKYenmopom € KYIOHIBCbKOIO.
Hunoni enekmponnux nepexooie OOHOpa Mma aKYenmopa 83aEMoOiomMy eleKmpOCMaAmMu4Ho, Wo
npu3zeooums 00 3ANeHCHOCMI WeUOKocmi nepedaui 6i0 6Ii0CMAHI Midc OOHOpOM ma
axkyenmopom. Depcmep O0ocniodxncyeas yeti npoyec meopemuyHo. Y nioxooi @epcmepa ye
AnpPoOKCUMYEMbCA K 83AEMOOIA MidC GIONOGIOHUMU Ounosamu nepexody. Memanesi gyeneyegi
HAHOMPYOKU MarmMb eKCNOHeHYIanbHy 3anedchicms 6i0 siocmani, konu hQ < &g i xonu o
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Hemae nopoey ona kinbkocmi eHepeii, AKY MOJCHA nepeoamu Memanesum HAHOMpPYOKaM.
Hasnaxku, 03 nanienpogionuxosux Hanompyooxk nepeoaua enepeii ne 8i00ysacmuvcs, ko h >
gg — ev. Axwo hQ > ev, mo weuokicms mae 3anexcnicmo y mexcax d° darvuvoi Oii. Ane axuyo
gg > hQ > gy — e, MO WBUOKICMb MAE eKCNOHEHYIANbHY 3anedcHicmb 610 siocmani. Mu makooic
BPAXOBYEMO MONCIUBICMb Nepedayi eHepeii 00 eKCUMOHI8 HANIBNPOGIOHUKOBUX MPYOOK y
Hawomy ananizi. Hawi po3paxynxku nokaszyroms, wo weuoKicms nepedayi eHepeii 6i0 nipery 0o
Hanompyoxu 5.5 € echekmusnoro 0o siocmaneii nopsoky 16.5 um.

Knwuosi cnosa: epagen, nosepxnesi niasmouu, nIA3MOHHUU, Gyelleyb, nepedaya euepeii,
meopis @opcmepa, excumon, FRET, nanompy6ka.
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